Abstract. We study the mixed Hodge theoretic aspects of the B-model side of local mirror symmetry. Our main objectives are to define an analogue of the Yukawa coupling in terms of the variations of the mixed Hodge structures and to study its properties. We also describe a local version of Bershadsky-Cecotti-Ooguri-Vafa's holomorphic anomaly equation.
1. Introduction 1.1. Local mirror symmetry. Mirror symmetry states a relationship between the genus zero Gromov-Witten theory ("A-model") of a Calabi-Yau threefold X and the Hodge theory ("B-model") of its mirror Calabi-Yau threefold X ∨ . After the first example of a quintic hypersurface in P 4 and its mirror [18, 9] , Batyrev [6] showed that a mirror pair of CalabiYau hypersurfaces in toric varieties can be constructed from a reflexive polyhedron 1 . Local mirror symmetry was derived from mirror symmetry for toric Calabi-Yau hypersurfaces by considering a certain limit in the Kähler and complex moduli spaces 2 [28] [11]. ChiangKlemm-Yau-Zaslow [11] gave quite a thorough mathematical treatment to it. Their result can be summarized as follows.
Take a 2-dimensional reflexive polyhedron ∆ (see Figure 1 for examples). On one side ("lcoal A-model" side), one considers the genus zero local Gromov-Witten (GW) invariants of a smooth weak Fano toric surface P Σ(∆ * ) which is determined by the 2-dimensional complete fan Σ(∆ * ) generated by integral points of ∆. On the other side ("local B-model" side), one considers a system of differential equations associated to ∆ called the A-hypergeometric system with parameter zero due to Gel'fand-Kapranov-Zelevinsky [16, 17] . Then the statement of local mirror symmetry is that the genus zero local GW invariants can be obtained from solutions of the A-hypergeometric system. 
Let us turn to the local B-model. Our proposal in this paper is that a natural language for the local B-model is the mixed Hodge structures and their variations. The mixed Hodge structure (MHS) due to Deligne [13] [13, 14] . There is also a canonical one on the relative cohomology H * (U • , V • ). Now, let us explain what are the counterparts of (i)-(iv) in the local B-model. Let ∆ be a 2-dimensional reflexive polyhedron as above and F a be a ∆-regular Laurent polynomial, i.e., a Laurent polynomial of the form
which satisfies a certain regularity condition (cf. Definition 3.1). In the literature, two closely related manifolds associated to F a are considered: the one is the affine curve C
• a in the 2-dimensional algebraic torus T 2 = (C * ) 2 defined by F a (t 1 , t 2 ) = 0 [11, §6] , and the other is the open threefold Z by the following action of T 3 = (C * ) 3 ,
we also have the quotient families Z/T 3 → M(∆) and Z ′ /T 3 → M(∆). These correspond to (i). As a counterpart of (ii), we consider, for the affine curve C
• a , the class
in the relative cohomology H 2 (T 2 , C
• a ), and for the open threefold Z
• a , the class of a holomorphic 3-form:
The counterpart of (iii) is the A-hypergeometric system as explained in [11] . Batyrev [5] and Stienstra [33] studied the variation of MHS (VMHS) on H 2 (T 2 , C
• a ) and showed the followings:
) is isomorphic to a certain vector space R Fa ; ω 0 and elements obtained by successive applications of the Gauss-Manin connection span
• a ); ω 0 satisfies the A-hypergeometric system considered in [11] . For the polyhedron #1 in Figure 1 , Takahashi [34] independently showed that integrals • a ). Gross [20, §4] described the isomorphism and mentioned that the integration of ω a over a 3-cycle reduces to that of ω 0 over a 2-chain under the isomorphism. In this paper, we shall study the (V)MHS of H 3 (Z • a ) and show that it has the same description as H 2 (T 2 , C
• a ) ∼ = R Fa and that ω a plays the same role as ω 0 . This is one of the main results of this paper (cf. Theorem 5.1). Remark 1.2. In [11] , Chiang et al. considered the "1-form" Res Fa=0 (log F a )ω 0 on C • a and argued that its period integrals satisfy the A-hypergeometric system. The result by Batyrev, Stienstra, and Takahashi implies that ω 0 ∈ H 2 (T 2 , C
• a ) gives a rigorous definition of this "1-form". This point was mentioned in [20] . the role of the weight filtration. Our answer is that it is needed to define an analogue of the Yukawa coupling. It is the main motivation of the present work. In general, the lowest level subspace of the weight filtration in H * (V • ) is the image of the cohomology H * (V ) of a smooth compactification V (see, e.g., [32, Proposition 6.30] ). In our cases, it turns out that the lowest level subspace
, where C a (resp. Z a ) 4 Note that the class ω 0 depends on the parameter a, although it is not indicated in the notation.
is a smooth compactification of C
• a (resp. Z
• a ). Thus we can use the intersection product on H 1 (C a ) or H 3 (Z a ) to define an analogue of the Yukawa coupling.
As a counterpart to (iv), we propose the following definition (Definition 6.2). Consider the family of affine curves Z → L reg (∆). Let T 0 L reg (∆) be the subbundle of the holomorphic tangent bundle T L reg (∆) spanned by ∂ a0
5
. Our Yukawa coupling is a multilinear map
. By the result on VMHS, we see that ∇ A3 ω 0 can be regarded as a (1, 0)-form on C a , and that although ∇ A1 ∇ A2 ω 0 may not be in W 1 , we can
It is also possible to define the Yukawa coupling using the family of open threefolds. In fact they are the same up to multiplication by a nonzero constant. We also have a similar definition for the quotient family ( §6.5).
In addition to the above geometric definition, we give an algebraic description of the Yukawa coupling via a certain pairing considered by Batyrev [5] (cf. §6.2, 6.3). We also derive the differential equations for them (Proposition 6.9, Lemma 6.12). These results enables us to compute the Yukawa couplings at least in the examples shown in Figure 1 (cf.
Example 6.13, §8). They agree with the known results [29, 15, 2, 8, 22, 3] . We also see that they are mapped to the local A-model Yukawa couplings by the mirror maps (cf. Example 6.15, §8).
1.4.
Local B-model at higher genera. If we are to pursue further the analogy between mirror symmetry and local mirror symmetry to higher genera, the first thing to do is to formulate an analogue of the so-called special Kähler geometry. It is a Kähler metric on the moduli B of complex deformations of a Calabi-Yau threefold X ∨ whose curvature satisfies a certain equation called the special geometry relation. In the setting of the local B-model, we define a Hermitian metric on the rank one subbundle T 0 M(∆) of T M(∆) and derive an equation similar to the special geometry relation (Lemma 7.1).
Next, we consider Bershadsky-Cecotti-Ooguri-Vafa's (BCOV's) holomorphic anomaly equation [7] . It is a partial differential equation for the B-model topological string amplitudes
which involves the Kähler metric, its Kähler potential and the Yukawa coupling. By making use of the result on the VMHS of
, we propose how to adapt the holomorphic anomaly equation to the setting of the local B-model (eqs. (7.4), (7.5)).
We also explain it from Witten's geometric quantization approach [39] .
In the examples shown in Figure 1 , we checked that the solutions of this holomorphic anomaly equation with appropriate holomorphic ambiguities and with the holomorphic limit give the correct local GW invariants for g = 1, 2 at least for small degrees. Remark 1.4. It is known that, in the local setting, the Kähler potential drops out from BCOV's holomorphic anomaly equation, and consequently the equation is solved by a certain 5 Here a 0 is the parameter corresponds to the origin (0, 0) ∈ ∆ ∩ Z 2 .
6 Its mathematical definition is yet unknown for g ≥ 2.
Feynman rule with only one type of propagators S i,j with two indices [29, 24, 2, 22, 3] .
Moreover, it is also known that essentially only one direction in M(∆) corresponding to the moduli of the elliptic curve C a is relevant. Our description of BCOV's holomorphic anomaly equation is based on these results.
1.5. Plan of the paper. In §2, we recall the definition of the mixed Hodge structure. In §3, we define the vector space R Fa following Batyrev [5] and recall Gel'fand-KapranovZelevinsky's A-hypergeometric system [16, 17] . In §4, we give descriptions due to Batyrev [5] and Stienstra [33] of (V)MHS on the relative cohomology H n (T n , V
• a ) of the pair of the n-dimensional algebraic torus T n and an affine hypersurface V We note that polyhedra dealt with in §3 and §4 are convex integral polyhedra, while in §5, §6 and §7, only 2-dimensional reflexive polyhedra are considered.
The examples treated in this article are listed in Figure 1 . These will be sometimes called the cases of P 2 , F 0 , F 1 , F 2 according to their local A-model toric surfaces. The P 2 case appears in the course of the paper. The others are summarized in §8.
1.6. Notations. Throughout the paper, we use the following notations. T n denotes the n- 
Preliminaries on the mixed Hodge structures
In this section we recall the mixed Hodge structure of Deligne [13, 14] . See also [37, 38] [32].
A mixed Hodge structure (MHS) H is the triple
, where H Z is a finitely generated abelian group, W • is an increasing filtration (called the weight filtration) on 
is an exact sequence of MHS's. The weights of
The m-th Tate structure T (m) is the pure Hodge structure of weight −2m on the lattice
Example 2.2. Let C be a smooth projective curve and C • = C \D be an affine curve, where 
where Ω 1 C (log D) is the sheaf of logarithmic 1-forms on (C, D). The "Hodge decomposition" of Gr
is the same as that of H 1 (C) :
That of Gr
Hence the "Hodge numbers" of H 1 (C • ) are:
where g is the genus of C. The MHS on
in the sense of [10] :
3. Polyhedron, Jacobian ring, R F and A-hypergeometric system A convex integral polyhedron ∆ ⊂ R n is the convex hull of some finite set in Z n . The set of integral points in ∆ is denoted by A(∆) and its cardinality by l(∆) := #A(∆).
3.1. ∆-regularity. Let ∆ be an n-dimensional integral convex polyhedron. Equip the ring
n ] with the grading given by det t k 0 t m = k. Define S ∆ to be its subring:
Recall that the Newton polyhedron of a Laurent polynomial
is the convex hull of {m ∈ Z n | a m = 0} in R n . Denote by L(∆) the space of Laurent polynomials whose Newton polyhedra are ∆.
Definition 3.1. A Laurent polynomial F is said to be ∆-regular if F ∈ L(∆) and, for every
have no common solutions in T n . Denote by L reg (∆) the space of ∆-regular Laurent polynomials.
Example 3.2. Let ∆ ⊂ R 2 be the polyhedron #1 in Figure 1 , which is the convex hull of
which is of the form:
We wrote a (1,0) = a 1 , a (0,1) = a 2 , a (−1,−1) = a 3 for simplicity. Then we have
3.2. Jacobian ring, R F and filtrations. For F ∈ L(∆), let D i (i = 0, . . . , n) be the following differential operators acting on S ∆ :
where
. We consider two filtrations on the vector spaces R F . The E-filtration on S ∆ is a decreasing
where E −k is the subspace spanned by all monomials of the degree ≤ k. This induces filtrations on R F and R + F which are denoted by E and E + respectively. It holds that
The graded quotient of R F with respect to the E-filtration is given by the Jacobian ring:
Denote by I (j) ∆ (0 ≤ j ≤ n + 1) the homogeneous ideals in S ∆ generated as C-subspaces by all monomials t k 0 t m where k ≥ 1 and m ∈ ∆(k) which does not belong to any face of codimension j. We set I (n+2) ∆ = S ∆ . These form an increasing chain of ideals in S ∆ :
∆ . These subspaces define an increasing filtration I on R F :
Later we will see that R F is isomorphic to the cohomology mentioned in §1.2. The I-(resp. E-)filtration describes the weight (resp. Hodge) filtration of the MHS on it.
Example 3.5. Let ∆ be the polyhedron #1 in Figure 1 . Assume that F ∈ L reg (∆). Then we have
The I-and the E-filtrations are
3.3.
Derivations with respect to parameters. Let a = (a m ) m∈A(∆) be algebraically independent coefficients. Consider the
Define the action of differential operators
Since this action commutes with that of
We shall see that the operator D am corresponds to the Gauss-Manin connection ∇ am on the cohomology of our interest (cf. §4.3, §5). Note that D am preserves the I-filtration:
This corresponds to the fact that the weight filtration is preserved by the variation of MHS's. Note also that D am decreases E-filtration by one:
This corresponds to the Griffiths transversality [35] .
3.4.
A-hypergeometric system. We briefly recall the A-hypergeometric system of Gel'fandKapranov-Zelevinsky [16] [17] in a form suitable to our situation. Let ∆ be an n-dimensional integral convex polyhedron. For ∆, the lattice of relations is defined by
The A-hypergeometric system associated to ∆ (with parameters (0, . . . , 0) ∈ C n+1 ) is the following system of linear differential equations for Φ(a):
The number of independent solutions is equal to the volume 7 of the polyhedron ∆ [16] .
Example 3.6. In the case when ∆ is the polyhedron #1 in Figure 1 , the lattice of relations L(∆) has rank one and generated by (−3, 1, 1, 1). For simplicity we write a (1,0) = a 1 ,
7 Here the volume is normalized so that the fundamental simplex in R n has volume one.
Solutions about z = 0 are obtained in [11, eq.(6.22) ]:
Here (α) n denotes the Pochhammer symbol:
replaced by D am .
Proof. 1. This follows because S ∆ is spanned by monomials obtained by successive applications of D am to 1 and because R F = E −n . 
In the ring S ∆ [a], it holds that
In the case when n = 2, it is known that there are exactly sixteen 2-dimensional reflexive polyhedra (see [11, Fig.1] ). Let ∆ be a 2-dimensional reflexive polyhedron and F ∈ L reg (∆).
Then it is known that dim Gr
See Theorem 4.8 in [5] . The I-and the E-filtrations on the vector space R F are described
are any three vertices of ∆. Then we have
As to I 2 , it depends on the polyhedron ∆. For example, I 2 = I 1 for the polyhedra #2, #3
in Figure 1 while I 2 = I 3 for the polyhedra #4. See §8.
For a 2-dimensional reflexive polyhedron ∆, there are l(∆) − 1 independent solutions to the A-hypergeometric system associated to ∆. Explicit expressions for them can be found in [11, eq.(6.22) ].
Mixed Hodge structures on
We denote by V
• a the smooth affine hypersurface in T n defined by F a . We state the result on the (V)MHS on H n (T n , V
• a ) due to Batyrev [5] and Stienstra [33] . We remark that
is called the primitive part of the cohomology of V .1), we obtain the following short exact sequence of MHS's:
Recall that the MHS on H n (T n ) is the Tate structure T (−n) (cf. Example 2.1). Therefore
MHS on the primitive part
be the linear map given by
MHS on the middle relative cohomology
Then the following theorem follows from Theorem 4.1 (cf. [33, Theorem 7] ).
(ii) Let W • be the weight filtration on H n (T n , V
• a ). Then we have
It was studied by Stienstra [33, §6] .
Stienstra proved this by considering the de Rham complex (Ω
Here we give a different proof. This is a generalization of Takahashi's argument [34, Lemma
Proof. Since F a is ∆-regular, there exists a holomorphic (n − 1)-form ψ a in an open neigh-
Fa and is denoted by 
. Since Batyrev [5] has shown that the Gauss-Manin
Lemma 4.3 and Proposition 3.7 imply the following
2. ω 0 satisfies the A-hypergeometric system (3.8) with ∂ ai replaced by ∇ ∂a i .
The period integrals
Conversely, a solution of the A-hypergeometric system (3.8)
is a period integral.
Mixed Hodge structure on
Throughout the section, ∆ is a 2-dimensional reflexive polyhedron and F a ∈ L reg (∆) is a ∆-regular Laurent polynomial.
MHS on the cohomology of the threefold. Consider the affine threefold Z
• a defined by
We compute H 3 (Z • a ) and its (V)MHS following Batyrev [5] . Let us briefly state the results. Details are relegated to §A.
The Poincaré residue map Res :
with poles of arbitrary order on Z
• a . We can show that the homomorphism:
Together with the residue map, we obtain an isomorphism ρ ′ : R Fa
corresponds to a differentiation by a m on ΓΩ [30] .) It turns out that the weight and the Hodge filtrations are given by the I and the E-filtrations on R Fa . The result on MHS of
is summarized as follows (Theorems A.11, A.14).
( 5.2) 5.2. Relationship to the relative cohomology. Let C
• a be the affine curve in T 2 defined by F a . Since ∆ is reflexive, it is an affine elliptic curve obtained by deleting l(∆) − 1 points from an elliptic curve C a . The MHS on the primitive part P H
This follows from the definition of primitive part and the description of
by P H 1 (C a ) which turns out to be the trivial one (cf. Theorem 4.2).
• a ) of C-vector spaces which sends ω a to ω 0 . The filtrations correspond as follows:
is compatible with the Gauss-Manin connections.
. Therefore, it inherits a nondegenerate pairing. The same is true for
, since it is isomorphic to the cohomology
The divisor Za \ Z • a is not smooth but simple normal crossing. The pull-back
, which is always surjective, turns out to be injective. This can be checked by comparing the dimension given in Lemma A.6 and that in Proposition A.12.
Analogue of Yukawa coupling
In this section, ∆ is a 2-dimensional reflexive polyhedron unless otherwise specified.
6.1. Definition of Yukawa coupling via affine curves or threefolds. Let ∆ be a 2-dimensional reflexive polyhedron. Let T 0 L reg (∆) be the subbundle of the holomorphic tangent bundle T L reg (∆) of L reg (∆) generated by ∂ a0 . Consider the family of affine elliptic
Let C a be the smooth compactification of the affine curve C
• a := p −1 (a). Note that we have
Proof. By (3.11), α is written as
, where c ∈ C is arbitrary.
The pairing
We call Yuk (3) the Yukawa coupling and denote it by Yuk. 6.2. Batyrev's paring. We would like to give an algebraic description of the Yukawa coupling in terms of the Jacobian ring R Fa . For that purpose, we recall Batyrev's pairing [5, §9] . Let ∆ be an integral convex n-dimensional polyhedron and F a ∈ L reg (∆) a ∆-regular Laurent polynomial. Denote by D Fa the quotient First identify I 1 with H Fa so that it is compatible with the Hodge decomposition
It is a graded
induces an antisymmetric pairing , I1 on I 1 . Although we do not have an explicit description of such decomposition I 1 = H . It is given by
Our choice of ξ a is as follows. Fa → C which is holomorphic in a ∈ L reg (∆) and satisfies the following condition:
Fa compatible with the graded quotient is given by α 1,0 t 0 + α 2,0 t 2 0 → (α 1,0 − u)t 0 ⊕ α 2,0 t 2 0 with some u. The induced antisymmetric pairing on I 1 turns out to be independent of u.
Proof. Define α m , β m ∈ C(a) (m ∈ A(∆)) and γ, δ ∈ C(a) by the following relations in I 1 :
Then the condition (6.2) is equivalent to
The existence of a solution ξ a (t 3 0 ) to this equation is ensured by the equation
which follows from the relations in I 1 :
Remark 6.6. The condition (6.2) is equivalent to the following equation for the intersection
which is well-known in the context of variations of polarized Hodge structures.
Example 6.7. For the polyhedron #1 in Figure 1 , solving (6.3), we obtain
Batyrev's pairing (6.1) together with the quotient map
Then, by Remark 6.6, we have the equation
Here D A is the shorthand notation for
Example 6.8. Let ∆ be the polyhedron #1 in Figure 1 . By (6.4), the Yukawa coupling 
For a vector
, let k be the order of the differential operator l .
Let us write l as
Then we have
Moreover, for j 1 , . . . , j h ∈ A(∆), we have
where the coefficients satisfy
By Definition 6.2, we have
Then the statement follows from Proposition 3.7-2.
The statements 2 and 3 follow from Proposition 3.7-2 and Definition 6.2.
6.5. Yukawa coupling for Quotient Family. Consider the action of T 3 on L reg (∆):
Let M(∆) be the geometric invariant theory quotient of L reg (∆) by this action
11
. Denote the quotient map by q : L reg (∆) → M(∆).
Since T 3 acts as automorphisms on Z, we also have a family of affine curves The differential equation (6.5) implies that Yuk (k) (θ am 1 , . . . , θ am k−1 ; θ a0 ) depends on the parameter a only through T 3 -invariant combinations. Thus we can define the Yukawa coupling for the quotient family as follows. Let T 0 M(∆) be the subbundle of the holomorphic tangent bundle T M(∆) generated by q * θ a0 .
Definition 6.10. We define a map
is called the Yukawa coupling and denoted by Yuk M(∆) . (We may omit the subscript M(∆).)
In the rest of this subsection, we rewrite the differential equations for the Yukawa coupling (Proposition 6.9) obtained in the previous section to the setting of the quotient family. We fix a local coordinates of M(∆) of a particular class: take a basis
the lattice of relations L(∆). Then
form a local coordinate system on some open subset in M(∆). We use the shorthand notation
Let D be the set of differential operators on (some open set of) M(∆), consisting of
Here L l is defined by
Example 6.11. In the case of polyhedron #1 (see Example 3.6), we have the coordinate
and D is generated by θ
Proposition 6.9 implies the following
Lemma 6.12. 1. Let L ∈ D and let U i1,...,i k ∈ C(z) be the coefficients of
Then the Yukawa coupling satisfies
Example 6.13. Let ∆ be the polyhedron #1 in Figure 1 . Applying the above Lemma to the differential operator (6.7), we obtain the equation
where c is some nonzero constant. This result is the same as Example 6.8.
Remark 6.14. Let t, ∂ S F be the solutions (3.9) of the A-hypergeometric system associated to the polyhedron #1 in Figure 1 . Then we have
This follows from the multilinearity of Yuk and the fact that
is proportional to Yuk(θ z , θ z ; θ z ) since it satisfies the same differential equation (6.9). be the toric surface defined by Σ(∆ * ). For example, P Σ(∆ * ) = P 2 if ∆ is the polyhedron #1 in Figure 1 . Take a basis
Comments on Yukawa coupling in the local
) associated to this basis. Let c i be the coefficients of
and let J i · J j be the intersection numbers.
Let N 0,β (P Σ(∆ * ) ) be the genus zero local Gromov-Witten invariant of degree β, and define
Note that dim H 2 (P Σ(∆ * ) ) = dim R [11] says that, under an appropriate identification between t i 's and t i (z)'s, ∂ S F is related to the local Gromov-Witten invariants by
The local A-model Yukawa coupling Yuk A may be defined as a multilinear map from
Example 6.15. Let ∆ be the polyhedron #1 in Figure 1 . As in Remark 6.14, the local A-model Yukawa coupling Yuk A is proportional to the local B-model Yukawa coupling Yuk.
To get the equality, we set c = 1 in Example 6.13.
We also see that for the other polyhedra in Figure 1 , the Yukawa couplings coincide with the local A-model Yukawa couplings Yuk A under the mirror maps t 1 , t 2 . See §8.
Holomorphic anomaly equation
7.1. Analogue of Special Kähler Geometry. We propose an analogue of the special geometry relation for M(∆). Consider the quotient family π : Z/T 3 → M(∆). We use the
As in (6.8), we set
We also set
This defines a Hermitian metric on T 0 M(∆) such that the norm of θ 0 is G 00 .
By the definition of G 00 , Y 00;0 and Y i 0;0 , we have the following Lemma 7.1.
The second equation is analogous to the special geometry equation [7] . The third equation
is an analogue of [40, eq.(3.
2)].
Example 7.2. Let ∆ be the polyhedron #1 in Figure 1 . By comparing the fourth equation of the above lemma and the differential operator (6.7), we have Y 00;0 = 9 1 + 27z , κ = − 54z 1 + 27z .
Proposal of local holomorphic anomaly equation.
We propose how to adapt BCOV's holomorphic anomaly equation [7] to the local B-model. LetC g n (g, n ≥ 0) be the n-point B-model topological string amplitude of genus g. For 2g − 2 + n ≤ 0, we set
For (g, n) = (0, 3), let
As a holomorphic anomaly equation for (g, n) = (1, 1), we propose
, which implies thatC
, we propose
For g ≥ 2,C g 0 can be solved by the Feynman diagram method as in [7] or YamaguchiYau's polynomial method as in [40] . [7] . Define the propagator S 00 by the differential
Solution by Feynman diagram
. It is easily solved by Lemma 7.1- (2):
where f s (z) is a meromorphic function in z. Put ∆ 00 := −1/S 00 . Then assuming (7.3), (7.4) and (7.5), we can show that
This implies thatC
can be computed as a sum over Feynman diagrams of genus g. The difference from the one given in [7] is that there is only one propagator, S 00 .
7.4. Solution by Yamaguchi-Yau's method [40] . Let
From the above Feynmann diagram method and the fact that θ 0 A ∈ C(z)[A] (see Lemma
7.1-(3)), it follows thatC
g n is a polynomial of degree 3g − 3 + n in C(z) [A] . Moreover, it satisfies (7.6) ∂C
Example 7.3. For (g, n) = (1, 1), (1, 2) and (2, 0), we havẽ
Example 7.4. Let ∆ be the polyhedron #1 in Figure 1 . We checked thatC (1 + 27z) 2 .
The holomorphic limit is We apply Witten's idea to the case when
(To be precise, M(∆) is not the space of complex structures of W but it is larger in general. However, this point does not matter in the following argument.) Take φ, φ defined in (7.1) as a basis of
and let x, x be the associated complex coordinates. W has a symplectic form √ −1G 00 dx ∧ dx given by the intersection product.
Consider the trivial line bundle L = C × W with the connection
Here we use δ to denote the differential on W . Then the holomorphic polarization H z (z ∈ M(∆)) is as follows:
Mimicking Witten's result, we can show that
Moreover these make a projectively flat connection on H.
If we regard exp n,g≥0
2 xx as a section of H, then the condition that it is a flat section results in the following equation:
.
Examples
In this section, we consider the polyhedra #2, 3, 4 in Figure 1. 8.1. F 0 case. Let ∆ be the polyhedron #2 in Figure 1 :
∆-regularity condition. The ∆-regularity condition for F ∈ L(∆) is as follows:
R F and filtrations. We have
The I-filtration and the E-filtration are as follows.
MHS. By Theorem 4.2 and (3.11),
) .
A-hypergeometric system. The lattice of relations L(∆) (defined in (3.7)) is generated by two vectors
The A-hypergeometric system is generated by the following differential operators:
. Take
These are coordinates of an open subset of M(∆). We have θ 0 := q * θ a0 = −2θ z1 − 2θ z2 .
With these coordinates, the above A-hypergeometric system reduces to the following two differential operators of order 2:
Solutions about z 1 = 0, z 2 = 0 are as follows.
̟(z; 0) = 1 ,
Yukawa coupling. In this case, D is generated by
, we obtain first order partial differential equations for Y i,j:0 . Solving these equations, we obtain:
,
Comparison with the local A-model Yukawa coupling. We show that the Yukawa coupling and the local A-model Yukawa coupling coincide under the mirror map:
For this purpose, let us define the "Wronskian" of t 1 , t 2 , ∂ S F by
We can show that Lemma 6.12 holds if we replace Yuk i1,...,i k ;0 with Wr i1..
Therefore Wr ij (t 1 , t 2 , ∂ S F ) must be proportional to Y ij;0 . Then (8.2) follows from the multilinearity of Yuk. 12 The first statement follows from the cofactor expansion of the determinant and the fact that t 1 , t 2 , ∂ S F are solutions of L = 0 for L ∈ D:
To prove the second statement, we first solve L 1 * = L 2 * = 0 and express θ 2 1 * , θ 2 2 * in terms of θ 1 θ 2 * , θ 1 * , θ 2 * ( * = t 1 , t 2 , ∂ S F ). Then if we substitute these into θ 1 Wr 11 (t 1 , t 2 , ∂ S F ) − Wr 110 (t 1 , t 2 , ∂ S F ), terms cancell each other and we obtain zero. We can prove the other equations similarly.
Holomorphic ambiguities. The multiplication constant of Y
We checked thatC
give the correct local GW invariants of F 0 for small degrees. The holomorphic ambiguities are
(The numerator of f 2 (z) is omitted because it is long.) As the holomorphic limit, we take ∆-regularity. The ∆-regularity condition for F ∈ L(∆) is as follows:
R F , I-filtration, E-filtration and MHS. These are the same as the F 0 -case.
A-hypergeometric system. The lattice of relations L(∆) is generated by two vectors
These are coordinates of an open subset of M(∆). We have θ 0 := q * θ a0 = −2θ z1 − θ z2 .
With these coordinates, the A-hypergeometric system reduces to the following two differential operators of order 2:
Here Γ(x) denotes the Gamma function.
Yukawa coupling.
and c ∈ C is a nonzero constant.
Comparison with local A-model Yukawa coupling. As in the F 0 -case, we can show
Holomorphic ambiguities. The multiplication constant of Y 00;0 is c = 1 and
We checked thatC 
(The numerator of f 2 (z) is omitted.) As the holomorphic limit, we take ∆-regularity. The ∆-regularity condition for F ∈ L(∆) is as follows 13 :
13 In the last equation, the first factor comes from a 1-dimensional face and the second factor comes from the 2-dimensional face.
R F and filtrations.
The E-filtration is
MHS.
and the A-hypergeometric system is generated by the following differential operators:
. Take the following local coordinates of M(∆):
Then we have θ 0 := q * θ a0 = −2θ z1 .
. Solutions about z 1 = 0, z 2 = 0 are as follows.
, where
n1,n2≥0 n1≥2n2
, (8.5) and Y 00;0 = 4Y 11;0 where d(z 1 , z 2 ) = (1 − 4z 1 ) 2 − 64z 2 1 z 2 and c ∈ C is a nonzero constant.
Comparison with local A-model Yukawa coupling. We show that
Note that the Wronskian Wr i1...i k (t 1 , t 2 , ∂ S F ) defined as in (8.3) is divisible by θ 2 t 2 due to the fact that t 2 does not depend on z 1 . We define the modified Wronskian 14 by
As in the F 0 -case, Lemma 6.12 holds if we replace Y i1...i k :0 by Wr
Wr ij (t 1 , t 2 , ∂ S F ) is proportional to the Yukawa coupling Y ij;0 . Then (8.6) follows from the multi-linearity of Yuk.
(The numerator of f 2 (z) is omitted.) As the holomorphic limit, we take
Appendix A. Mixed Hodge structure of an Open threefold
In this section, ∆ is a 2-dimensional reflexive polyhedron. Let F a ∈ L reg (∆) be a ∆-
Let Z
• a be the affine hypersurface in T 2 × C 2 defined by P a :
It is easy to see that the ∆-regularity of F a implies the smoothness of Z 
is an isomorphism. In the rest of this subsection, t m stands for t 
Proposition A.1. The map R ′ induces an isomorphism
Corollary A.2. The map R ′ and the Poincaré residue map give an isomorphism
Proof. (of Proposition A.1.) We would like to compute
We first rewrite the left-hand-side of (A.3) using M. Consider the homomorphism Ψ 0 :
. Let e 1 , . . . , e 4 be the standard basis on C 4 . For I = {i 1 , . . . , i p } ⊂ {1, 2, 3, 4}, let e I := e i1 ∧ · · · ∧ e ip . Then we have an isomorphism
where γ is defined by
If we define D
we have a commutative diagram
Thus we have ΓΩ
Then the proposition follows from the next lemma.
e 2 ∧ e 3 ∧ e 4 induces an isomorphism
Here D i are the same as those defined in (3.3).
The inclusion S
Proof of the lemma is by brute force calculation. . We construct a compactification of Z
• as a semiample smooth hypersurface Z in a 4-
The basic idea is to consider the following slightly modified expression for P = F + xy:
The Newton polyhedron∆ ofP is given bỹ
Then by the general theory of the toric variety, we obtain a singular projective toric variety
We blow up V ′ to obtain a smooth toric variety V. A compactification of Z • can be obtained as a hypersurface defined by a generic section of the pull-back of O(1).
Such a V can be explicitly given as follows. First, let
be the primitive vectors lying on faces of the dual polyhedron ∆ * of ∆. Let Σ(∆) be the 2-dimensional complete fan spanned by v 1 , . . . , v r (see Figure 2 ) and let P Σ(∆) be the corresponding smooth toric surface. Then P Σ(∆) is a resolution of the singular toric surface Proj S ∆ , and C • can be compactified smoothly to C in P Σ(∆) . Next we set
Then the 1-cones of the fan Σ V are given by
and the 4-cones of Σ V are given by
(For the sake of convenience, we setṽ r+1 :=ṽ 1 , u 5 := u 1 and ν r+1 := ν 1 , µ 5 := µ 1 .) The 3-cones and the 2-cones are faces of the above 4-cones. The toric variety V associated to the fan Σ V is a bundle over the toric surface P Σ(∆) whose fiber is the Hirzebruch surface F 1 .
Let D i (1 ≤ i ≤ r) and E j (1 ≤ j ≤ 4) be the toric divisors of V corresponding to the 1-cones ν i and µ j respectively. By a standard computation in the theory of toric varieties (see e.g. [31] ), we have Lemma A.5.
ThereforeP in eq.(A.4) is a generic section of the line bundle corresponding to the divisor
We define Z to be the hypersurface in V defined byP . We show that if we assume F is ∆-regular and 
The defining equation of Z on U µ1,µ2 is F (t 1 , t 2 ) + b 1 t 3 + b 0 t 3 t 4 and this is equal to P if we identify x = t 3 , y = b 1 + b 0 t 4 . We can prove (2) and (3) by looking at the defining equation
We end this subsection by listing the Hodge numbers of Z. 
15
, we can explicitly compute the dimensions of H q (V, Ω p (E 1 + E 2 )) and 
15 For a semiample toric divisor X in a d-dimensional complete simplicial toric variety P Σ , Mavlyutov's formula is:
The sum is over all faces δ of the polytope ∆ X associated to X, l * (δ) is the number of interior integral points in the face δ, σ δ ∈ Σ X is a cone corresponding to the face δ in the fan Σ X (which is the fan such that there is a morphism s : Σ → Σ X ; X is a pull-back of an ample divisor by the induced morphism of toric varieties P Σ → P Σ X ), and #Σσ δ (j) is the number of j-cones in Σσ δ = {s(τ ) ∈ Σ : τ ∈ σ δ }. In the case of the threefold Z ⊂ V, Σ Z is generated by u 2 , u 4 and 1-conesṽ i such that v i are vertices of ∆ * .
we obtain
The proof for E 2 is similar.
3. As above, we can show the vanishing
and the surjectivity of the map i=1,2
Consider the exact sequence 3.
where the isomorphism is induced from the map 
Proof. As is well known, there are canonical isomorphisms Gr Proposition A.13. The weight filtration on
Proof. We consider three filtrations V, V ′ , V ′′ on H 4 (T 2 × C 2 \ Z • ) and compare them. First we define
. We have already computed the dimension of graded quotients in Proposition A.12.
Second, let U := V \ (Z ∪ E 3 ∪ E 4 ). We define This induces another filtration V ′ on H 4 (T 2 × C 2 \ Z • ). As in [5, §8] , this is given by the I-filtration on R F :
Third, let j : U → V be the inclusion and define
Since H 4 (T 2 × C 2 ) = 0, the first term does not contribute to H 4 (T 2 × C 2 \ Z • ). So the induced filtration is related to V ′ by + D) ) .
Therefore we have
By the dimension consideration, we see that the proposition holds.
Since taking the residue map
decreases the weight by 2, we obtain Theorem A.14. The weight filtration on H 3 (Z • ) is as follows. 
We have ) is spanned by ω a , ∇ ∂a m ω a and ∇ ∂a m ∇ ∂a n ω a (m, n ∈ A(∆)). 2. ω a satisfies the A-hypergeometric system (3.8) with ∂ ai replaced by ∇ ∂a i .
3. Period integrals of ω a satisfies the A-hypergeometric system (3.8). Conversely, a solution of the A-hypergeometric system (3.8) is a period integral.
